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We reconsider the question of which Calabi-Yau compactifications of the heterotic
string are stable under world-sheet instanton corrections to the effective space-time su-
perpotential. For instance, compactifications described by (0, 2) linear sigma models are
believed to be stable, suggesting a remarkable cancellation among the instanton effects
in these theories. Here, we show that this cancellation follows directly from a residue
theorem, whose proof relies only upon the right-moving world-sheet supersymmetries and
suitable compactness properties of the (0, 2) linear sigma model. Our residue theorem
also extends to a new class of “half-linear” sigma models. Using these half-linear models,
we show that heterotic compactifications on the quintic hypersurface in CP4 for which
the gauge bundle pulls back from a bundle on CP4 are stable. Finally, we apply similar
ideas to compute the superpotential contributions from families of membrane instantons
in M-theory compactifications on manifolds of G2 holonomy.
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1. Introduction
String theory backgrounds which preserve only N = 1 supersymmetry in four di-
mensions are of great interest both from a theoretical and a phenomenological perspec-
tive. A textbook way to obtain such a background is to compactify either the E8×E8
or Spin(32)/Z2 heterotic string on a Calabi-Yau threefold X with a stable, holomorphic
gauge bundle E. One might suppose that these compactifications, which admit a com-
pletely perturbative string description, would be a natural starting point from which to
study the moduli space of N = 1 backgrounds of string theory.
However, in fact we know very little about which pairs (X,E) give rise to consistent
heterotic backgrounds, even in string perturbation theory. The issue, of course, is that
models described by generic X and E, even though they may satisfy the classical equations
of motion to all orders in α′, are destabilized non-perturbatively by world-sheet instantons
[1]. These instantons, arising from world-sheets which wrap rational (i.e. holomorphic,
genus zero) curves in X , can each contribute to a background superpotential W which lifts
the Ka¨hler moduli of X and generates a cosmological constant. So one might think that
the only stable N = 1 heterotic compactifications would arise from very special choices of
X and E — for instance corresponding to world-sheet theories with (2, 2) supersymmetry
or the (0, 2) models studied by Distler and Greene [2,3] — for which each world-sheet
instanton simply cannot contribute to W .
In this light, the result of [4] that there are no non-perturbative contributions to W
that destabilize compactifications described by (0, 2) linear sigma models [5,6] is somewhat
surprising. This result does not rely upon any consideration of world-sheet instantons and
instead follows from simple facts about the linear sigma model. One simply observes that
W must always be a holomorphic section of a complex line-bundle of strictly negative
curvature over the moduli space of the low-energy effective theory, which is naturally a
compact Ka¨hler manifold in the case of a linear sigma model. The compactness of the
moduli space implies that W must have a pole somewhere on the moduli space or else
vanish identically. However, the linear sigma model, being a two-dimensional, super-
renormalizable gauge theory, can only become singular when the target space becomes
non-compact, as some bosonic field develops a dangerous, unsuppressed zero-mode. In
computing the linear sigma model correlators which describe the couplings of gauge-singlet
fields in the effective theory and so probe for a backgroundW , one finds that, after suitably
twisting the model, no boson has a dangerous zero-mode. SoW has no poles on the moduli
space and thus vanishes.
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Now, Calabi-Yau compactifications which are described by (0, 2) linear sigma models
are certainly not generic — but nor are they so special that each world-sheet instanton
simply does not contribute toW . So from the world-sheet perspective, the stability of (0, 2)
linear sigma models implies in these compactifications a remarkable cancellation among
the contributions to W from world-sheet instantons wrapped on rational curves in each
homology class of X .
For instance, the analysis of [4] was applied in most detail to the simple case that
X is a quintic hypersurface in CP4 and E is a deformation of the holomorphic tangent
bundle TX , corresponding to a deformation off the locus of (2, 2) supersymmetric world-
sheet theories. In this case, the linear sigma model result implies that, contrary to one’s
naive expectation, the world-sheet instanton contributions to W from the 2875 lines on
the generic quintic sum to zero.
Our main goal in this paper is to understand, from the world-sheet perspective, the
source of this remarkable cancellation among instantons. In the process, we will introduce
a new (0, 2) “half-linear” sigma model and show that heterotic compactifications described
by these models form another class of stable N = 1 string backgrounds. For instance, using
the half-linear model we show that heterotic compactifications on the quintic hypersurface
in CP4 for which the gauge bundle pulls back from a bundle on CP4 are stable.
More generally, just as for the linear models, the half-linear models can be used to
describe compactification on any Calabi-Yau threefold X which is a complete-intersection
in a compact toric variety Y . However, in the half-linear models the bundle E on X is
now any stable, holomorphic bundle which pulls back from a bundle on Y . In particular,
E need not be a “monad” bundle on X , the sort1 most naturally described in the linear
sigma model. Conversely, however, there are also monad bundles on X (including obvious
ones such as its tangent bundle) that do not pull back (at least in any obvious way) from
a holomorphic bundle on Y . So we will also develop a version of the vanishing argument
adapted to linear models and monad bundles on X .
1 Technically, a monad bundle is one which admits a description as the cohomology of a complex
A→ B → C of three bundles A, B, and C on X.
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1.1. A Brief Sketch of the Idea
Our essential idea can be motivated by considering the actual form of the instanton
contributions to W in the simple case that the string world-sheet wraps once about an
isolated rational curve C embedded in X . Actually, the most direct and elegant way [7,8]
in this case to derive the instanton contribution to W is to evaluate the partition function
of the worldvolume theory on a single D1-brane wrapped on C in the Type I theory, which
is the dual description [9] of a world-sheet instanton in the Spin(32)/Z2 heterotic theory
2.
Holomorphy allows us to evaluate this partition function at one-loop, so the instanton
contribution to W from C is just
W (C) = exp
(
−A(C)
2πα′
+ i
∫
C
B
)
Pfaff′(DF )√
det′(DB)
. (1.1)
Here the exponential factor in W (C) represents the classical action of the D1-brane.
We have written this action in heterotic units, so that A(C) is the area of C in the heterotic
string metric on X , α′ is the heterotic string tension, and B is the heterotic B-field.
The other factor in W (C) arises from the one-loop integral over the fluctuations of
the bosons and fermions living on the worldvolume of the D1-brane. DB and DF are thus
the respective kinetic operators of the worldvolume bosons and fermions, and the “prime”
in det′(DB) and Pfaff′(DF ) indicates that these expressions are to be evaluated only after
omitting the zero-modes associated to the bulk symmetries which are broken by the D1-
brane. Four bosonic zero-modes associated to the broken translational symmetries in R4
and two right-moving fermionic zero-modes associated to the broken supersymmetries arise
in this fashion.
The complex structure moduli of X and E are described by chiral superfields in the
low-energy, effective N = 1 theory, and W (C) must depend holomorphically on these
fields. Unfortunately, our simple expression (1.1) for W (C) is not manifestly holomorphic.
To get a manifestly holomorphic expression for W (C), we must use the fact that the
two supersymmetries left unbroken by the D1-brane imply a cancellation between the
contributions of the right-moving fermionic modes to Pfaff′(DF ) and the contributions of
the right-moving bosonic modes to det′(DB).
2 As explained in [8], the derivation of W from the Type I theory most directly applies to
the Spin(32)/Z2 heterotic theory, but holomorphy and gauge-invariance allow us to interpret the
answer for the E8×E8 heterotic theory as well.
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To make this cancellation explicit, we write W (C) solely in terms of the left-moving
bosonic and fermionic modes. By convention, the kinetic operator of a left-moving fermion
on C will be a ∂ operator, while the kinetic operator for a right-moving fermion will be
a ∂ operator. Thus, since the left-moving worldvolume fermions transform as sections
of the left-moving spin bundle3 S− = O(−1) on C tensored with the gauge bundle E
as restricted to C, their contribution to Pfaff′(DF ) is just the Pfaffian of the ∂ operator
coupled to E ⊗O(−1) ≡ E(−1), which we denote ∂E(−1).
Similarly, in the formula (1.1) for W (C), we have written the boson kinetic operator
DB as a real operator acting on the eight real bosons representing the normal directions to
C in R4 ×X . Since C, X , and R4 all have complex structures, we can equally well group
the eight real bosons into four complex bosons taking values in the complex normal bundle
N to C inR4×X . When C is isolated inX , N is isomorphic to O⊕O⊕O(−1)⊕O(−1), the
first two summands representing the normal directions in R4 and the last two summands
representing the normal directions inX . Thus, the contribution of the non-zero left-moving
bosonic modes to det′(DB) just arises from the ∂ operator on C coupled to the normal
bundle N .
So, cancelling out the right-moving modes from W (C) in (1.1), we have
W (C) = exp
(
−A(C)
2πα′
+ i
∫
C
B
)
Pfaff
(
∂E(−1)(C)
)
(
det′ ∂O
)2 (
det ∂O(−1)(C)
)2 . (1.2)
This expression forW (C) is now manifestly holomorphic. Specifying a ∂ operator on either
X or E is equivalent to specifying its complex structure, so the operators ∂E(−1)(C) and
∂O(−1)(C) themselves depend holomorphically on the complex structure moduli of X and
E. We have also emphasized in (1.2) that the way in which the complex structure moduli
of X and E appear in these ∂ operators itself depends upon which curve C in X that
the instanton wraps. In fact, at least when X is elliptically fibered, one can derive very
explicit expressions in given examples for the dependence ofW (C) on the moduli of E and
X [10,11], although we will not be needing such detailed expressions here.
Thus, in the case that X is a generic quintic in CP4 and E is a deformation of TX ,
the vanishing of W implies as a corollary that, summing W (C) over the 2875 lines on X ,
2875∑
i=1
exp
(
i
∫
Ci
B
)
Pfaff
(
∂E(−1)(Ci)
)
(
det ∂O(−1)(Ci)
)2 = 0 . (1.3)
3 Here O(n) is the usual notation for the complex line-bundle of degree n on projective space.
In particular, O is the trivial complex bundle of rank one.
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In this expression, we have dropped from W (C) an overall factor of exp
(
−A(C)
2piα′
)
, which
is constant for curves on X of given degree, and a factor of (det′ ∂O)
−2, which is simply
constant.
One is very much also tempted to drop from (1.3) the factor of exp (i
∫
Ci
B), which is
at least “morally” constant on curves of given degree. However, as reviewed in [8], because
only the product of exp (i
∫
Ci
B) and the fermion Pfaffian is even well-defined, we must
technically include in (1.3) this factor involving B so that the full expression makes sense.
Nevertheless, our interest in (1.3) resides in the holomorphic dependence of this formula
on the complex structure moduli of X and E, and we will not dwell here on the subtleties
of the heterotic B-field.
At first sight, the formula (1.3) might seem like an exotic mathematical prediction
derived only indirectly from the underlying (0, 2) linear sigma model. But in fact, this sort
of formula has a clear precedent from algebraic geometry, in the form of a residue theorem.
To derive the simplest example of such a residue theorem, suppose that ω is a mero-
morphic one-form on CP1 with simple poles at points Pi, i = 1, . . . , N . Letting z be a
holomorphic coordinate on CP1, we can express ω as
ω =
g(z)dz
f(z)
, (1.4)
where f and g are polynomials in z, f having non-degenerate zeroes at the points
P1, . . . , PN . Without loss, we assume that ω does not have a pole at z = ∞, so that
the degrees of f and g satisfy
deg g ≤ deg f − 2 . (1.5)
As usual, we then define the residue of ω at each point Pi, denoted ResPi(ω), by
integrating ω over a small contour γi about the point Pi,
ResPi(ω) =
1
2πi
∮
γi
ω =
g(Pi)
∂f/∂z(Pi)
. (1.6)
We now obtain a residue theorem simply by considering the sum of contours
Γ = γ1 + · · ·+ γN . (1.7)
Since Γ is contractible, we have
0 =
1
2πi
∮
Γ
ω =
N∑
i=1
ResPi(ω) =
N∑
i=1
g(Pi)
∂f/∂z(Pi)
. (1.8)
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So the residue theorem simply states that the sum of the residues of ω is zero.
Comparing (1.3) to (1.8), we can already see a vague similarity between these two for-
mulae, with the Pfaffian in (1.3) being a holomorphic function analogous to g in (1.8), and
the bosonic determinant in (1.3) being analogous to ∂f/∂z in (1.8). Our main goal in this
paper is to make the correspondence between these formulae precise, showing directly that
the instanton contributions to W vanish in suitable models due to an infinite-dimensional
generalization of the simple one-dimensional residue theorem above.
1.2. The Plan of the Paper
Our plan for the paper is as follows. In Section 2, we start by generalizing the one-
dimensional residue theorem to finitely many dimensions. Although standard mathemat-
ical approaches exist for studying multi-dimensional residues, as for instance in [12,13],
we will take a more physical approach by studying a certain supersymmetric, finite-
dimensional integral. This integral is a natural abstraction of the path-integral over the
right-moving world-sheet fields on the heterotic string, and from it we easily prove a very
general, multi-dimensional residue theorem.
At the end of Section 2, we also describe precisely how the partition function of
the worldvolume theory on a supersymmetric D1-brane can be interpreted as a residue.
Unfortunately, although the D1-brane formalism provides a very elegant description of the
superpotential contribution from any single instanton, the world-sheet description of the
heterotic string turns out to be better for proving vanishing results for the sums of these
instanton contributions.
So in Section 3, we apply our analysis from Section 2 to the heterotic world-sheet
theory itself. This analysis most directly generalizes to the “half-linear” class of heterotic
compactifications, for which X is a complete-intersection in a compact toric variety Y and
the gauge bundle E on X pulls back from a bundle on Y . For these compactifications, the
vanishing of the instanton contributions to W follows from essentially the same argument
as we use in Section 2 to deduce the multi-dimensional residue theorems. We also show how
this argument can be applied to the (0, 2) linear sigma models to prove directly formulae
such as (1.3).
Very recently, Basu and Sethi [14] have also given another argument for the stability of
(0, 2) linear sigma models. Their argument focuses on showing the absence of corrections
to the world-sheet superpotential.
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Finally, in Section 4 we consider theN = 1 compactification of M-theory on a manifold
X of G2 holonomy. Using ideas very similar to those in Sections 2 and 3, we extend the
results of [15] by computing the superpotential contribution from membranes which wrap
a continuous family of supersymmetric three-cycles in X .
2. Residues and Supersymmetry
Rather than trying to generalize immediately from the one-dimensional residue theo-
rem to an infinite-dimensional residue theorem which is applicable to the heterotic string,
we will warm up with the simpler generalization to residue theorems in only a finite number
of dimensions. Our strategy is to consider a finite-dimensional, supersymmetric integral on
an arbitrary compact, complex manifold M . The finite-dimensional residue theorem then
follows from the supersymmetry, which allows us to localize the integral to a sum of terms
generalizing the one-dimensional residues, and from the compactness of M , which leads
to the vanishing of the integral and hence the sum. After we obtain this result, we will
indicate some easy generalizations of it which also have relevance to the heterotic models
we introduce in Section 3. Finally, we describe precisely how the partition function of the
worldvolume theory on supersymmetric D1-brane can be interpreted as a residue.
Standard mathematical approaches to multi-dimensional residues and residue theo-
rems can be found in [12] and [13]. Mathematical discussions somewhat more related to
our approach via supersymmetry are given in [16], [17], and [18].
2.1. A Finite-Dimensional Integral
We now introduce the finite-dimensional, supersymmetric integral that is central to
our study of residues and which serves as a model for the path-integral over the world-sheet
fields of the heterotic string. Since the supersymmetry in our integral is essential, we will
begin by specifying how it acts on the variables of integration.
As mentioned above, we perform the integral over a compact, complex manifold M ,
having (complex) dimension n. So the bosonic variables of integration will be the local
holomorphic and anti-holomorphic coordinates zi and zi ≡ zi on M .
We also introduce a set of anti-commuting, fermionic coordinates θi and χα. Here the
fermions θi transform as coordinates on the anti-holomorphic tangent bundle TM , and
the fermions χα transform as coordinates on a holomorphic vector bundle V , of rank r,
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over M . The bundle V is completely arbitrary and should be considered, like M , as part
of the defining data for our integral.
Besides specifying V itself, we must now also choose a global holomorphic section s of
V . We need this section s simply to define an interesting supersymmetry transformation
for the fermions χα, since none of the other variables of integration have anything to do
with V . So under the supersymmetry δ, the bosonic and fermionic variables transform as
δzi = 0 ,
δχα = sα ,
δzi = θi ,
δθi = 0 .
(2.1)
Note that since s is holomorphic, δ2 = 0, the most important property of δ.
The supersymmetric integral which we consider takes the general form
Z =
∫
M
g dµ exp (−t S) , (2.2)
where t is a positive real parameter representing the “coupling constant” for Z, S is a
finite-dimensional “action” which we will soon present, and
g dµ ≡ g(z) dnz dnz dnθ drχ (2.3)
is the measure. Locally, g is a function which represents the particular choice of measure
for Z, and to ensure that the measure respects the supersymmetry, g must be holomorphic.
The fact that we have to worry about the measure for Z may seem slightly odd, since
in many supersymmetric integrals, one can make a canonical choice of measure (up to
normalization). The point is that, under any change of variables, the resulting Jacobians
for the bosonic variables are cancelled by the fermionic Jacobians for their superpartners.
In the case of dµ above, such a cancellation occurs between the anti-holomorphic
bosons zi and their superpartners θi. So the factor dnz dnθ appearing in dµ indeed repre-
sents a canonical choice of measure for these variables.
On the other hand, the bosonic variables zi and the fermionic variables χα are unre-
lated by supersymmetry, which means that we really must choose the factor g(z) dnz drχ
appearing in (2.3). Globally, g is not a function but transforms as a holomorphic section
of the line-bundle ΩnM ⊗ ∧rV on M , where ΩnM denotes as usual the canonical bundle of
holomorphic n-forms on M and ∧rV is the top exterior power of V . Since we generally
have no preferred choice of such a section, we must interpret our choice of g as another
part of the input data needed to specify Z.
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We must, of course, also specify the action S for the integrand of Z. We first choose
a positive-definite, hermitian metric hαα on V . Then we consider a δ-trivial action,
S = δ
(
hαα s
αχα
)
, (2.4)
or expanding,
S = hααs
αsα + hααDjs
α θjχα . (2.5)
Here Dj is the covariant derivative associated to the canonical connection arising from the
metric hαα on V . Recall that the canonical connection [12] is the unique connection on V
for which hαα is covariantly constant and for which Dj = ∂j when acting on a holomorphic
frame of V .
One easy consequence of the fact that S is δ-trivial is that S is obviously supersym-
metric, δS = 0. A deeper consequence of the fact that S is δ-trivial is that the integral Z
is formally independent of the real parameter t and the metric hαα on V which we intro-
duced. For instance, the invariance of Z under changes in t is derived by first observing
that
dZ
dt
= −
∫
M
g dµS exp (−t S) = −〈S〉 . (2.6)
However, if O is any function of the variables zi, zi, χα, and θi, then
〈δO〉 =
∫
M
g dµ δO exp (−t S) = 0 , (2.7)
which in the language of topological field theory is the decoupling of BRST-trivial observ-
ables [19,20]. Since the action S is of the form δO, we deduce immediately that dZ/dt = 0.
The invariance of Z under deformations of the metric hαα follows by the same argument.
Finally, we observe that S is invariant under a ghost number symmetry, under which
the anti-commuting variables χα and θi carry charges −1 and +1 respectively, and δ itself
carries charge +1. Since the measure dµ thus carries ghost number
dimM − rank V = n− r , (2.8)
Z vanishes identically unless n = r. So, if we wish to use Z to prove a residue theorem,
we must assume that dimM = rank V .
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2.2. A Residue Theorem
As is familiar from the study of other topological models, we can prove an interesting
theorem by using the fact that Z is independent of t and then evaluating Z for t→∞ and
t = 0. Sometimes, a formal statement such as “Z is independent of t” could fail to hold
if the convergence of Z were sufficiently poor. See [4] for a nice demonstration of such a
failure in the context of the linear sigma model. However, because here Z is an integral
over a compact manifold M , the convergence of Z is assured, even when t = 0, and there
are no difficulties with the formal statements above.
Evaluating Z when t = 0 is easy. Then
Z =
∫
M
g dµ 1 = 0 , (2.9)
since neither χα nor θi appear in the integrand above.
Evaluating Z for t → ∞, we see from the action S in (2.5) that only points in a
neighborhood of the vanishing locus L of the section s contribute to Z. In general, L will
consist of several disconnected components C, and Z must have an expression
Z =
∑
C⊂L
Z(C) , (2.10)
where Z(C) denotes the local contribution to Z from the component C. So (2.9) and (2.10)
imply as a very general vanishing theorem that
∑
C⊂L
Z(C) = 0 . (2.11)
The power of this approach is that the vanishing theorem (2.11) does not rely on any
specific behavior of the section s of V . In the simplest case, s has simple zeroes on a set of
isolated points ofM . But we can equally well consider the case that s has degenerate zeroes
at some points, or even that s vanishes over some components of positive dimension. In
order to translate (2.11) into a more explicit formula, along the lines of the one-dimensional
residue theorem (1.8), we must simply evaluate the expression Z(C) for each case.
Multi-dimensional residues
To make contact with the one-dimensional residue theorem (1.8), we will consider at
first only the easiest case that s vanishes in a non-degenerate fasion on a set of isolated
points P of M .
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Recall that the requirement that s vanish non-degenerately at a point P is simply the
condition that the Jacobian det (ds) be non-vanishing at P ,
det (ds)(P ) = det
(∂(s1, · · · , sn)
∂(z1, · · · , zn)
)
(P ) 6= 0. (2.12)
In this case, the contribution Z(P ) from P can be evaluated exactly using the Gaussian
approximation to Z near this point, and we easily see that4
Z(P ) =
g(P )
det (ds)(P )
. (2.13)
Thus, the vanishing result (2.11) becomes
∑
P∈L
g(P )
det (ds)(P )
= 0 . (2.14)
This expression represents a natural generalization of the one-dimensional residue theorem
(1.8).
To sharpen the correspondence between the formula (2.14) and a multi-dimensional
residue theorem, we consider the particular case that the bundle V is a direct sum of n
line bundles,
V = O(D1)⊕ · · · ⊕ O(Dn) , (2.15)
which are associated to n irreducible, effective divisorsD1, . . . , Dn intersecting transversely
at isolated points P in M .
To describe the appropriate section s of V for this case, we note that each divisor Di
is determined as the vanishing locus of a holomorphic section si of the line-bundle O(Di).
Then we simply take s to be the direct sum of the si, so that s has components
s = (s1, . . . , sn) . (2.16)
We note that the section s vanishes non-degenerately at each point P ∈ D1 ∩ · · · ∩Dn, so
our simple expression for Z(P ) in (2.13) is valid.
In this case, we can now give a very nice geometric interpretation of the local con-
tribution Z(P ) from each point P ∈ D1 ∩ · · · ∩ Dn. Near P , we can trivialize all the
line bundles O(Di) as well as the canonical bundle of M . Upon doing so, we can regard
4 In the following, we suppress overall factors of pi that arise from the Gaussian integration.
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g as an ordinary holomorphic function that is nonzero at P , and the si as holomorphic
functions that vanish on Di. Now we can define a meromorphic n-form ω that generalizes
the one-dimensional expression (1.4),
ω =
g dz1∧ · · · ∧dzn
s1 · · · sn . (2.17)
Given the meromorphic n-form ω, and a real n-cycle γ that links in a suitable
way the locus of its poles, we can naturally define an n-dimensional residue ResP (ω) =
(1/2πi)n
∫
γ
ω that will generalize the usual one-dimensional residue. We let γ be the real
n-cycle determined by
|si| = ǫ , i = 1, . . . , n , (2.18)
where ǫ is a small parameter. Technically, we must also orient γ, which we do by the
condition d(arg s1)∧ · · ·∧d(arg sn) ≥ 0.
On γ, ω is holomorphic, so we can define
ResP (ω) =
(
1
2πi
)n ∫
γ
ω . (2.19)
Since dω = 0 on a neighborhood of γ, this definition only depends on the homology class
of γ and in particular does not depend the parameter ǫ above.
The residue ResP (ω) can be then be evaluated by a change of variables and the
iterative application of Cauchy’s theorem. We find
ResP (ω) =
g(P )
det (ds)(P )
, (2.20)
generalizing the one-dimensional expression in (1.6). Of course, ResP (ω) agrees precisely
with Z(P ) for the special choices of V and s above, so our main result (2.11) is properly
interpreted as a generalized, multi-dimensional residue theorem.
A quick example
Before proceeding further, we will give a quick example of the residue theorem.
For our example, we take M = CP2 and V = TM , the holomorphic tangent bundle.
If we let [X0 : X1 : X2] be homogeneous coordinates on M , then any holomorphic section
s of V takes the form
s = a0X0
∂
∂X0
+ a1X1
∂
∂X1
+ a2X2
∂
∂X2
, (2.21)
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where (a0, a1, a2) are complex coefficients parametrizing s. Because [X0 : X1 : X2] are
only homogeneous coordinates, the coefficients (a0, a1, a2) are only defined up to the ad-
dition of a multiple of (1, 1, 1), which describes the zero section of V . If (a0, a1, a2) are
generic coefficients, then s vanishes non-degenerately at the three points P1 = [1 : 0 : 0],
P2 = [0 : 1 : 0], and P3 = [0 : 0 : 1] of M .
Since V = TM , the measure dµ is a section of the trivial bundle O = ΩnM ⊗ ∧nTM .
Consequently, in this example we do have a canonical measure for Z and g is a constant.
Now in the patch where X0 6= 0, with local coordinates (z1, z2), s takes the form
s = (a1 − a0) z1 ∂
∂z1
+ (a2 − a0) z2 ∂
∂z2
, (2.22)
and so the residual contribution from P1 to Z is
Z(P1) =
1
(a1 − a0)(a2 − a0) . (2.23)
Similar contributions from the points P2 and P3 are
Z(P2) =
1
(a0 − a1)(a2 − a1) , Z(P3) =
1
(a0 − a2)(a1 − a2) . (2.24)
The residue theorem then simply states that Z(P1)+Z(P2)+Z(P3) = 0, as one can verify
directly.
2.3. Generalizations
The ghost number symmetry preserved by S implies that Z trivially vanishes unless
rank V = dimM . So if we wish to study bundles V such that rank V 6= dimM , we should
consider not Z itself but expectation values 〈O〉,
〈O〉 =
∫
M
g dµO exp (−tS) , (2.25)
where O is any function of zi, zi, χα, and θi which satisfies δO = 0. Of course, O must
also have ghost number n− r if 〈O〉 is to be any more interesting that Z itself.
Globally, functions O of zi, zi, χα, and θi are elements of the complex
⊕
(p,q)
A(0,q)(M)⊗ ∧pV ∗ . (2.26)
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Here A(0,q)(M) is the bundle of smooth (0, q) forms on M , and V ∗ is the holomorphic
bundle dual to V . A function homogeneous and qth order in θi is a (0, q)-form onM , while
a function homogeneous and pth order in χα is a section of ∧pV ∗. We will often refer to
an element of A(0,q)(M)⊗ ∧pV ∗ for fixed (p, q) as having “type” (p, q).
The supersymmetry transformation δ acts on elements of this complex as
D = θi
∂
∂zi
+ sα
∂
∂χα
. (2.27)
More intrinsically, we can identify D with the operator
D = ∂ + ιs , (2.28)
where ∂ is the usual Dolbeault operator on M and ιs acts on sections of ∧pV ∗ by the
interior product with s. The action of D on this complex has certainly been considered
before in the mathematical literature, for instance in [16,17,18], though mostly for the case
V = TM .
Since 〈δO〉 = 0 for any O, the interesting observables O correspond to nontrivial
elements of the cohomology of D. In general, what can we say about this cohomology?
Without placing additional conditions on M , V , and s, in fact we cannot say much5.
Nonetheless, we do have a systematic procedure to compute the D-cohomology, using a
spectral sequence (see [21] for a clear introduction to spectral sequences).
In physical terms, we want to solve the equation δO = 0, and the spectral sequence is
essentially a perturbative way to do this, really by following one’s nose. So to construct an
O which satisfies δO = 0, we start with an “order-zero” trial solution O(0), of type (p, q),
which satisfies6 ∂O(0) = 0. If O(0) also happens to satisfy ιsO(0) = 0, then O = O(0), but
generally ιsO(0) 6= 0.
To correct for this discrepancy, we then try to solve
ιsO(0) + ∂O(1) = 0 , (2.29)
5 However, see [18] for a nice discussion of the easiest case that V = TM and s has zeroes at
isolated points. In this case, the cohomology of D is isomorphic to H0(M,O/I), where I is the
ideal sheaf associated to s.
6 If we wished, we could equally well start with O(0) satsifying ιsO
(0) = 0 and reverse the roles
of ∂ and ιs above. We find it convenient to do this in Section 3.
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to determine the “first-order” correction O(1). We consider O(1) as a correction to O(0)
in a very definite sense, since although O(0) is of type (p, q), O(1) is of type (p− 1, q − 1).
Thus, if we continue to solve iteratively
ιsO(n) + ∂O(n+1) = 0 , (2.30)
we will either find an obstruction, or the procedure will terminate after a finite number
of steps with O = O(0) + O(1) + · · · satisfying δO = 0. We will find this little procedure
useful when constructing heterotic models in Section 3.
What sort of results, analogous to the generalized residue theorem (2.11), do we then
obtain by considering the expectations 〈O〉 of nontrivial observables O? Evaluating 〈O〉
at t = 0 now yields
〈O〉 =
∫
M
g dµO , (2.31)
which need not vanish if O carries the proper ghost number. Evaluating 〈O〉 in the limit
t→∞, we again see that 〈O〉 can be expressed as a sum of local contributions from each
of the components C of the vanishing locus L of s,
〈O〉 =
∑
C⊂L
〈O〉(C) . (2.32)
So for instance, again in the case that s vanishes non-degenerately over isolated points
P of M and O has ghost number zero,∫
M
g dµO =
∑
P∈L
g(P )O(P )
det (ds)(P )
. (2.33)
In the above expression, we must interpret the integral over M as picking out the com-
ponent of O of type (n, n) and the evaluation at P as picking out the component of O of
type (0, 0).
We can also consider the under-determined case, for which rank V < dimM , as well
as the over-determined case, for which rank V > dimM . In the under-determined case,
the components C of L will generically be complex submanifolds of dimension n− r in M .
We assume that s vanishes in a non-degenerate fashion on each C, which means that the
Jacobian det (ds|N) of s with respect to the normal directions to C in M is non-vanishing
along C. Then the local contribution of C to 〈O〉 is
〈O〉(C) =
∫
C
g dµO
det (ds|N ) . (2.34)
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In the above, g dµ / det (ds|N ) determines an element of Ωn−r on C, and thus only the
component of O of type (0, n− r) now contributes to the integral over C.
As we shall see in Section 3, the case of direct relevance to the heterotic string is
actually the over-determined case, rank V > dimM . In this case, one might think that it
is unnatural to consider an s that has zeroes. However, to get a non-trivial result in the
over-determined case, we need a non-trivial O, most simply an O of degree (r − n, 0). In
any case, such an O will be present when we study the half-twisted heterotic string. (r−n
will be infinite, and O will be the exponential of a fermion bilinear.) When such an O is
present, s cannot be changed freely, since one must preserve the condition (∂ + ιs)O = 0.
In the presence of a suitable O, it can be natural to have an s that has zeroes with non-
trivial residues. For instance, if s again vanishes non-degenerately at an isolated point P
of M , now meaning that the matrix ds =
(
∂sα/∂zi
)
has full rank at P , then the local
contribution from P to 〈O〉 is
〈O〉(P ) =
(
g dµO
ds
)
(P ) ≡
(
g ǫi1···iq ǫ
α1···αp Oαq+1···αp
∂i1s
α1 · · ·∂iqsαq
)
(P ) . (2.35)
Evidently, in such an example with isolated zeroes of s, only the component of type (r−n, 0)
of O contributes to 〈O〉(P ).
2.4. The D1-brane Partition Function as a Residue
Our discussion of multi-dimensional residues now allows us to make precise the manner
in which the partition function of a supersymmetric D1-brane can be interpreted as a
residue. We have already seen in the Introduction a strong formal similarity between
expressions such as (1.3) and (1.8) which suggests this interpretation. To check this idea,
though, we must examine to what extent the worldvolume theory on a supersymmetric
D1-brane actually generalizes our finite-dimensional model which produces the residues.
At first glance, one might be worried by the following fact. If we consider the bosonic
action for a D1-brane which wraps an arbitrary, not necessarily holomorphic, surface Σ
in the Calabi-Yau threefold X , then this action is just the area A[Σ] of the surface. So
if the D1-brane action were literally to be the obvious generalization of the action (2.5)
of the finite-dimensional model, then A[Σ] would have to admit a representation as the
norm-squared of a suitable holomorphic section s over the space M of immersed surfaces
in X . But A[Σ] presumably does not admit such a representation, and it is not even
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obvious that the space M, which should play the role of the complex manifold M in the
finite-dimensional model, admits a complex structure.
Thus, as far as we know, the full D1-brane worldvolume action does not fit into the
simple structure of the finite-dimensional model. As a result, we cannot hope to use theD1-
brane formalism to prove vanishing results such as (1.3). Physically, the difficulty in using
the D1-brane formalism to prove the vanishing results is that the D1-brane worldvolume
description becomes more complicated when the brane is “off-shell”, i.e. not supersym-
metric. We do not believe that these off-shell complications are really essential, but we
also do not know how to eliminate them in the D1-brane framework.7 When we deduce
these vanishing results in Section 3, we will use instead approaches based on linear and
half-linear sigma models, which are more closely related to the finite-dimensional model.
Yet to discuss the superpotential contribution from a D1-brane which wraps an iso-
lated holomorphic curve C inX requires considerably less than the full worldvolume action.
Since we evaluate the partition function at one-loop, we only need to discuss fluctuations
about the holomorphic curve up to quadratic order in the action. Considering the world-
volume theory only to this order, we can nicely fit it into the framework of the finite-
dimensional model. In particular, the second variation of A[Σ] away from a minimum
corresponding to a holomorphic curve indeed appears as the norm-squared of a suitable
section s and the contribution to the superpotential is indeed a residue.
Geometrically, the approach of working only to quadratic order in the supersymmetric
D1-brane action corresponds to linearizing the space M over the point corresponding to
the given holomorphic curve C in X . The linearization possesses the requisite complex
structure.
We now give a thorough discussion of how this approximation to the D1-brane ac-
tion fits into the framework of the finite-dimensional model. As we have indicated, our
identification of the supersymmetric D1-brane partition function as a residue is of more
conceptual than practical interest here, not only because of the off-shell complications but
also because of the lack of compactness in theD1-brane approach. However, in Section 4 we
will apply similar ideas to study the superpotential contributions from continuous families
of membrane instantons in M-theory compactifications on manifolds of G2 holonomy.
To proceed, we begin with the general observation [22] that whenever a brane wraps a
supersymmetric cycle, then the worldvolume theory on the brane is automatically twisted,
7 D5-branes can be put in a gauge-invariant version of this framework.
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implying the existence of at least one scalar supercharge. The existence of a scalar su-
percharge on the D1-brane worldvolume is crucial if we are to interpret the worldvolume
theory in analogy to the finite-dimensional model, with its scalar supersymmetry generator
δ.
We focus our attention on the sector of the D1-brane worldvolume theory describing
fluctuations of the brane in X , as opposed to the trivial sector describing fluctuations in
R4. When the D1-brane wraps a holomorphic curve C in X , the worldvolume bosons
xi and xi which describe fluctuations of the brane in X transform as coordinates on the
holomorphic normal bundle N and anti-holomorphic normal bundle N of C in X . The
worldvolume theory also possesses fermions ψα˙,i which transform as right-moving Weyl
fermions on R4, as indicated by the α˙ index, and as coordinates on the dual bundle N∗
of N . Equivalently, using the hermitian metric gii on X , we can regard these fermions as
transforming in the anti-holomorphic normal bundle N . The twisted model has two scalar
supercharges, described in detail later, which relate the worldvolume fields (xi, ψiα˙).
Now, in the finite-dimensional model, the supersymmetry transformations as well as
the form of the action are determined by the holomorphic section s of V . So what are the
analogues of s and V for the D1-brane?
As has already been observed in [23,24], for a variety of supersymmetric compactifica-
tions of string and M-theory, the supersymmetric brane configurations can be characterized
as the critical points of a “superpotential” Ψ, suitably interpreted as a function on the
space of arbitrary brane configurations. (This idea has also been discussed lately in a
mathematical context in [25].) For the D1-brane, if δ is the exterior derivative on the
space M of brane configurations, then δΨ is a one-form that vanishes at the point corre-
sponding to a holomorphic curve C, and moreover δΨ is holomorphic once we linearize in
a neighborhood of C. So a natural guess is to take V to be the holomorphic cotangent
bundle T ∗M and s = δΨ.
To check that this identification is correct, we must describe Ψ explicitly. For argu-
ment’s sake, we start by defining Ψ on surfaces Σ which are homologically trivial in X
— although we note that any holomorphic surface, being calibrated by the Ka¨hler form
on X , actually resides in a nontrivial homology class. In any case, Ψ(Σ) is defined for a
homologically trivial surface Σ by
Ψ(Σ) =
1
6
∫
B
Ω , (2.36)
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where B is a bounding three-cycle for Σ and Ω is the holomorphic three-form on X . The
factor of 16 is simply to cancel some constants that would otherwise appear in later formulae.
If H3(X,Z) 6= 0, as is always the case when X has complex structure moduli, then Ψ(Σ)
generally depends on the class of B and is defined only up to an additive constant.
Now, if Σ is a surface representing a nontrivial homology class in X , then a bounding
three-cycle B does not exist. To define Ψ(Σ) in this case, for each class in H2(X,Z) we
choose a particular representative Σ0. Then, if Σ lies in the same class as Σ0, a bounding
three-cycle B exists for Σ − Σ0. That is, the boundary of B has two components, one of
which is Σ and the other is Σ0, considered with opposite orientation. So now we set
Ψ(Σ)−Ψ(Σ0) = 1
6
∫
B
Ω . (2.37)
In this case, the additive constant in Ψ also depends on the representative Σ0 as well as
the class of B.
The fact that Ψ is only defined up to an additive constant does not concern us, as this
constant does not affect the location of the critical points, for which δΨ = 0. Explicitly,
in terms of holomorphic coordinates xi on X ,
δΨ(Σ) =
1
2
∫
Σ
Ωijk δx
i dxj∧dxk . (2.38)
So δΨ = 0 precisely for those surfaces Σ on which the (2, 0)-form Ωijk dx
j∧dxk is equal
to zero. If Σ is holomorphic in X , then any (2, 0)-form vanishes when restricted to Σ,
so δΨ vanishes when Σ is a holomorphic curve C. Because Ωijk is everywhere nonzero,
holomorphy of Σ is necessary as well as sufficient for vanishing of δΨ.
While δΨ vanishes at the point corresponding to C, we also need the linear behavior
near this point. For this, we pick local complex coordinates on X consisting of a parameter
z that is a local complex coordinate on C as well as two local coordinates yi of the normal
bundle N . We write ǫij for Ωzij . In (2.38), we take δx
i to be a displacement of one of
the yi, since otherwise we are not moving Σ away from C at all. So we will write δyi for
δxi. Evaluated on Σ, we have dxj∧dxk = dz ∧dz (∂zxj ∂zxk − ∂zxj∂zxk). Because of the
antisymmetry in j and k (or because ∂zz = 0), we cannot set both x
j and xk equal to z.
To linearize δΨ around C, we set one of them, say xj , to z, and the other to yk. So we get
δΨ =
∫
C
ǫij δy
i∂yj + . . . , (2.39)
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where the ellipses indicate that higher order terms have been dropped. From this, we can
also deduce that to quadratic order,
Ψ = c+
1
2
∫
C
ǫij y
i∂yj, (2.40)
where c is an integration constant.
In particular, we see from (2.40) that when evaluated on C,
δ2Ψ
δyj(z)δyi(z′)
∣∣∣
C
= ǫij ∂zδ(z, z
′) , (2.41)
where, more intrinsically, ∂z represents the ∂ operator acting on sections of N .
Since Ψ functions like a superpotential, the unbroken worldvolume supersymmetries
in the linearized theory can be very simply expressed in terms of Ψ. Under the twisted
supercharges Qα˙, the transformations of the fields y
i, yi, and ψα˙,i take the usual form
δα˙y
i = 0 , δα˙y
i = ψiα˙ ,
δα˙ψβ˙,i = ǫα˙β˙
δΨ
δyi
.
(2.42)
Since Ψ is holomorphic, in the sense that δΨ/δyi = 0, these supersymmetry transforma-
tions satisfy {δα˙, δβ˙} = 0 as required. Obviously these worldvolume supersymmetries are
unbroken when δΨ/δyi = 0, which we have already observed is the proper condition for the
D1-brane to be supersymmetric. Further, taking s = δΨ, we see that (2.42) represents an
N = 2 generalization of the supersymmetry transformations (2.1) in the finite-dimensional
model.
The worldvolume action which describes to leading order the fluctuations of a D1-
brane which wraps a holomorphic curve C in X takes a very simple form when written in
terms of Ψ. Just as for the finite-dimensional action (2.4),
S =
1
4
∫
C
ǫα˙β˙ δβ˙
(
ω gii
δΨ
δyi
ψα˙,i
)
=
∫
C
ω
(
1
2
gii
δΨ
δyi
δΨ
δyi
+
1
4
ǫα˙β˙gii
D2Ψ
DyjDyi
ψj
β˙
ψα˙,i
)
.
(2.43)
Here D is the covariant derivative with respect to the metric gii on X , and ω is the Ka¨hler
form on X which restricts to the volume form on C. We also note from (2.38) that δΨ/δyi
is actually a two-form on C, and we have implicitly used the induced metric to dualize
δΨ/δyi to a scalar on C.
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The action S is to be interpreted by expanding to quadratic order in the normal
fluctuations yi and yi about the given holomorphic curve C, so that
S =
∫
C
ω
(
1
2
gii
D2Ψ
DyjDyi
D2Ψ
DyiDyj
yjyj +
1
4
ǫα˙β˙gii
D2Ψ
DyjDyi
ψj
β˙
ψα˙,i
)
. (2.44)
Using (2.41), we can write S more explicitly as
S =
1
2
∫
C
ω
(
gii ∂zy
i ∂zy
i +
1
2
ǫα˙β˙ǫij ψ
j
β˙
∂zψ
i
α˙
)
. (2.45)
In the above, we have assumed that Ω is normalized on X so that gjjǫjiǫji = gii. This
action is just the free action for fluctuations which we implicitly used in the Introduction
when we evaluated the partition function.
More geometrically, we can identify the complex linear spaceM describing fluctuations
of the D1-brane about C with the space of sections of N . Our formula for S simply reflects
the classic fact [26,27] that, given a section yi, the second derivative of the area functional
A[Σt] along the one-parameter family of surfaces Σt determined by y
i, evaluated at Σ0 = C,
is just
d2
dt2
A[Σt]
∣∣∣
t=0
=
1
2
∫
C
ω
∣∣∂zyi∣∣2 , (2.46)
which appears as the bosonic term in (2.45). This formula indicates that holomorphic
curves are always area-minimizing in X , and only holomorphic deformations of a holomor-
phic curve can preserve its area.
Finally, to make contact with the finite-dimensional model, we can evaluate the parti-
tion function Z(C) of a D1-brane wrapped on C exactly as we evaluated the contribution
to the finite-dimensional integral from an isolated, non-degenerate zero of s in (2.13). We
find that
Z(C) =
∫
M
Pfaff
(
∂E(−1)
)
dµ e−S ,
=
Pfaff
(
∂E(−1)
)
(C)
det (δ2Ψ/δyjδyi)(C)
.
(2.47)
Here dµ = DyiDyi ǫα˙β˙ Dψj
β˙
Dψα˙,j is the naive path-integral measure, and the Pfaffian
factor produced by the left-moving bundle fermions is directly analogous to the section g,
since both are required for the path-integral measure to be well-defined. Recalling from
(2.41) that δ2Ψ/δyjδyi represents the ∂ operator acting on sections of N = O(−1)⊕O(−1),
we see that Z(C) indeed agrees with the summand in the expression (1.3).
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3. A Residue Theorem for the Heterotic String
We now extend our investigation of residues in Section 2 to the heterotic string8 itself.
Our goal is to prove a residue theorem, precisely analogous to the theorems we derived in
Section 2, for the vanishing of world-sheet instanton contributions to W . A very useful
tool in our analysis is the twisted version of the heterotic world-sheet theory, as it is
the twisted theory that directly generalizes the finite-dimensional model we introduced in
Section 2. Thus, we begin this section with a short reminder of what it means to twist
[28-32] the heterotic world-sheet theory, and we explain how this theory is related to the
finite-dimensional model of Section 2.
3.1. Preliminary Remarks on Twisting
The twisted heterotic world-sheet theory is simply a version of the physical (untwisted)
heterotic theory in which the right-moving world-sheet fermions are assigned unconven-
tional spins. To describe the twisting, we first recall that the world-sheet theory contains
complex bosons φi and φi ≡ φi which describe sigma model maps Φ : Σ → X from the
world-sheet Σ to a Ka¨hler target space X . In the physical theory, the superpartners of φi
and φi are right-moving fermions ψi and ψi, which transform as sections of the bundles
K
1
2 ⊗Φ∗(TX) and K
1
2 ⊗Φ∗(TX) respectively. Here, TX denotes the holomorphic tangent
bundle of X , and K denotes the anti-canonical bundle of Σ. The anti-canonical bundle can
be explicitly described as the line-bundle of (0, 1) forms on Σ, and from this description
we see that K
1
2 is a right-moving spin-bundle on Σ. Then in the twisted theory, we simply
take ψi to transform as a section of K ⊗ Φ∗(TX) and ψi to transform as a section of
Φ∗(TX).
One way to interpret the twist is that we shift the right-moving world-sheet stress
tensor Tzz by
Tzz → T˜zz = Tzz + 1
2
∂zjz , (3.1)
where jz is the world-sheet U(1) current present in the right-moving N = 2 algebra. Upon
twisting, one of the two right-moving world-sheet supersymmetry generators becomes a
nilpotent scalar Q, which we interpret as a BRST -operator on the world-sheet. The
decoupling of Q-trivial states from the correlation functions of Q-invariant operators then
8 Because the left-moving world-sheet fermions play only an auxiliary role in our analysis, we
will not need to distinguish between the E8×E8 and Spin(32)/Z2 heterotic strings.
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greatly simplifies the twisted theory. In particular, though the twisted heterotic theory
is not topological, all correlation functions of Q-invariant operators in the twisted theory
vary holomorphically on the world-sheet, because the twisted stress-tensor T˜zz is Q-trivial.
We now explain how the general framework of Section 2 applies to the twisted world-
sheet theory. Instead of performing an integral over a finite-dimensional complex manifold
M , we now perform a path-integral over the infinite-dimensional complex manifold M
which is the space of all sigma model maps Φ : Σ → X . The world-sheet bosons φi
themselves provide local holomorphic coordinates on M and play the same role as the
holomorphic coordinates zi on M . In addition, the fermions ψi, as sections of Φ∗(TM),
are coordinates on TM and correspond to the anti-commuting coordinates θi in Section
2. Finally, we interpret the fermions9 ψiz, which transform as sections of K ⊗ Φ∗(TX), as
anti-commuting coordinates on a holomorphic bundle V over M, so that these fermions
play the same role as the fermionic coordinates χα on V in Section 2. In particular, on
world-sheets for which K is trivial, we can identify the bundle V onM as the holomorphic
tangent bundle TM.
Under Q, the world-sheet fields transform as
δφi = 0 ,
δψiz = ∂zφ
i ,
δφi = ψi ,
δψi = 0 .
(3.2)
Comparing (3.2) to (2.1), we see that the action of Q is precisely analogous to the super-
symmetry transformation in the finite-dimensional model. Further, we see that ∂zφ
i is the
holomorphic section of V corresponding to the section s of V in Section 2.
The sigma model action for the world-sheet fields can now be written as
S =
∫
Σ
d2z δ
(
gii ∂zφ
i ψiz
)
+ · · · , (3.3)
where gii is the Ka¨hler metric on X . The Q-trivial expression above is a direct general-
ization of the action (2.4) which we considered in Section 2. Just as the finite-dimensional
integral localizes on the set where s = 0, so the twisted path-integral localizes on sigma
model maps satisfying ∂zφ
i = 0. Such maps, being holomorphic, are either constant or
represent world-sheet instantons.
9 We have slightly changed notation ψi → ψi
z
to remind ourselves that ψi
z
now transforms as
a (0, 1) form on Σ.
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The “· · ·” appearing in S represents the additional terms in the sigma model action
which are not Q-trivial (but of course are Q-closed). More precisely, these additional terms
arise either from a purely topological expression which is the integral of the complexified
Ka¨hler class of X over Σ or from the kinetic terms of the left-moving bundle fermions.
Both of these sorts of terms admit an easy interpretation in light of the results of
Section 2. First, if we restrict the world-sheet path-integral to the sector describing maps
whose images lie in a fixed homology class of X , the topological term in S is constant and
can be ignored. Second, if we also only consider world-sheet correlation functions which
do not involving the left-moving bundle fermions, then at least for isolated world-sheet
instantons, the only role of the bundle fermions is to produce the Pfaffian factor that
appears in the Introduction. As we have already observed in the contex of the D1-brane,
like the section g in the finite-dimensional model, this Pfaffian factor can be interpreted
as defining a suitable measure for the path-integral over the modes of φi, φi, ψiz, and ψ
i.
Finally we remark that, although the physical and twisted theories are generally very
different, some quantities in the physical theory can be computed using the twisted theory.
In particular, as long as K is the trivial bundle on Σ, correlation functions computed on Σ
in the twisted theory agree with those computed on Σ in the physical theory. For instance,
if Σ is a cylinder with Ramond sector ground-states at each end, then correlation functions
on Σ compute the Yukawa couplings arising from the superpotential W in the low-energy
effective theory. In this fashion we can use the twisted theory to probe for a background
W .
3.2. The Half-Linear Heterotic String
Our proof of the residue theorem in Section 2 only relies upon the fact that the integral
Z is invariant under a nilpotent supersymmetry and the fact that the space M over which
we integrate is compact. We wish to generalize this residue theorem to apply to world-
sheet correlators in the twisted heterotic theory, so we must consider models for which both
of these crucial facts hold. Since the action of the BRST-operator Q on the world-sheet
naturally generalizes the supersymmetry transformation of Section 2, the first fact holds
for an arbitrary (0, 2) compactification. However, as regards the second fact, the spaceM
of sigma model maps is certainly not compact, and so to generalize the finite-dimensional
residue theorem from Section 2 to a vanishing result for W of the form (1.3), we must look
for heterotic models with some special sort of compactness.
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The vanishing result of [4] naturally suggests that we start by considering the linear
sigma models. Indeed, the compactness of the moduli spaces of X and E is an essential
ingredient in the analysis of [4].
Moreover, the linear sigma models possess another sort of compactness not present in
an arbitrary heterotic compactification. As discussed extensively in [33] and [34], in com-
pactifications for which continuous families of world-sheet instantons exist, the instanton
moduli spaces of the linear sigma model provide natural compactifications of the instan-
ton moduli spaces of the corresponding nonlinear sigma model. The compactness of these
instanton moduli spaces turns out to be the essential ingredient in our proof of a residue
theorem for the heterotic string.
However, we do not really have to consider the linear sigma models themselves to
exploit the fact that the instanton moduli spaces of the corresponding nonlinear sigma
models have natural compactifications. We find it technically simpler, in fact, to discuss a
class of half-linear heterotic models. These models are like the linear models in that X is a
complete-intersection Calabi-Yau in a compact toric variety Y . Unlike the linear models,
the gauge bundle E on X is any bundle which satisfies the usual consistency conditions
on X and also pulls back from a bundle on Y . Thus E must generally be described in a
nonlinear fashion.
So in the remainder of this section, we first introduce the half-linear models and
demonstrate that the finite-dimensional residue theorems of Section 2 naturally generalize
to formulae of the form (1.3). We then return to the linear sigma models themselves and
give a direct proof of the vanishing of instanton contributions to W . For concreteness, we
shall throughout this section consider only the case that X is the quintic hypersurface in
Y = CP4.
Half-linear fields
We start by specifying the field content of the half-linear model. The world-sheet
bosons and the right-moving world-sheet fermions are the usual fields which describe
twisted nonlinear sigma model maps Φ : Σ → Y . For the case Y = CP4, the model has
four complex bosons φi and φi which represent local holomorphic and anti-holomorphic
coordinates on Y (as opposed to the global homogeneous coordinates on Y that would ap-
pear in the corresponding linear sigma model). Since the half-linear model is twisted, the
right-moving supersymmetry associates to the bosons φi and φi corresponding fermions
ψiz and ψ
i, transforming on Σ as sections of K ⊗ Φ∗(TY ) and Φ∗(TY ) respectively.
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As for the left-moving sector of the world-sheet, the bundle E on Y is represented in
the usual nonlinear fashion by a set of thirty-two left-moving fermions λa coupled to the
pull back of E to Σ. We assume that E satisfies the standard topological conditions for
anomaly-cancellation and stability on X . Thus, E satisfies p1(E)/2 = c2(TX) (and, if the
structure group of E reduces to a subgroup with U(1) factors, there are restrictions on the
corresponding first Chern classes).
However, the field content of the half-linear model, as it stands, cannot be correct.
As in the linear sigma model, to localize the half-linear model from Y onto X , we must
introduce a potential J(φi) on the world-sheet. Geometrically, J transforms as a holomor-
phic section of the line-bundle O(5) on Y . Supersymmetry requires that J couple to the
right-moving fermions as well as the bosons, but we currently have no way to couple J to
these fermions.
A more fundamental problem is that, although we choose the bundle E so as to
cancel sigma model anomalies on X , the half-linear model on Y is currently anomalous as
p1(E)/2 6= c2(TY ).
We can elegantly fix both of these problems by adding a pair of left-moving fermions
to the model. These fermions, which we denote by χz and χ, transform on the world-sheet
as sections of K ⊗ Φ∗(O(−5)) and Φ∗(O(5)). Thus we can directly include the required
Yukawa terms for J in the model.
As for the anomalies, since χz and χ are also “twisted” in the sense of having non-
standard world-sheet spins, they cancel the excess left-moving central charge from the new
boson. Also, upon adding χz and χ to the left-moving sector of the model, we cancel
the sigma model anomalies, since near X , the adjunction formula implies that TY splits
as a smooth bundle into the sum TX ⊕ O(5). Explicitly, relative to the model on X ,
the half-linear model on Y has an additional pair of twisted, right-moving fermions which
arise from the directions in the normal bundle O(5) to X in Y . These fermions transform
as sections of K ⊗ Φ∗(O(5)) and Φ∗(O(−5)). Since χz and χ transform as the complex
conjugates of these two fermions, they cancel the corresponding anomalies.
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Half-linear supersymmetry
In the half-linear model, the action of the scalar supercharge Q slightly generalizes
(3.2), due to the transformations of the left-moving fermions χz and χ — the other left-
moving fermions are invariant. So Q acts as
δφi = 0 ,
δψiz = ∂zφ
i ,
δχ = J(φi) ,
δχz = 0 .
δφi = ψi ,
δψi = 0 ,
(3.4)
As we have mentioned, J is locally a quintic polynomial in the holomorphic coordinates φi
and globally a holomorphic section of O(5) on Y . Of course, J represents the data needed
to determine X as a hypersurface in Y .
We see from the action of Q that the fermions ψiz, χ, and χz in the half-linear model
can all be identified as the analogues of the fermions χα in the finite-dimensional model.
In this basis, s = (∂zφ
i, J(φi), 0). So, if we construct an action for the half-linear model
analogous to (2.4) in the finite-dimensional model, the half-linear model will localize on
sigma model maps Φ satisfying
∂zφ
i = J(φi) = 0 . (3.5)
The first condition requires that Φ be holomorphic, and the second condition requires that
the image of Φ lie in the subset J = 0 of Y , which can be identified with X . So the
half-linear model localizes on world-sheet instantons in X .
The half-linear action
To complete our description of the half-linear model, we must finally specify its world-
sheet action S.
First, in complete analogy to the action of the finite-dimensional integral, S includes
the terms
S0 = t
∫
Σ
d2z δ
(
gii ∂zφ
iψiz + J χ
)
= t
∫
Σ
d2z
(
gii ∂zφ
i ∂zφ
i + giiDzψ
i ψiz + JJ + ψ
iDiJ χ
)
.
(3.6)
Here t is a coupling parameter as in Section 2, and gii is a Ka¨hler metric on Y . Because
S0 is Q-exact, quantities which we compute in the half-linear model are unchanged under
deformations of t, gii, and J . We also observe parenthetically that, since the expression
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J χ transforms as a smooth section of the trivial bundle on Y , we do not actually need to
specify a hermitian bundle metric on O(5) to make sense of this expression.
The action SE for the left-moving fermions λ
a which describe E is the standard action,
which we record for completeness below,
SE =
∫
Σ
d2z
(
λaDzλ
a + F a
iib
λaλ
bψiψiz
)
, (3.7)
where
λaDzλ
a = λa∂zλ
a + λa ∂zφ
iA aib λ
b . (3.8)
In the above, A aib is a holomorphic connection on E, having components only of type (1, 0)
on Y , and F a
iib
is the curvature of this connection. Since SE is the usual action for the
left-moving bundle fermions, and since Q acts in the usual way (3.2) on the fields appearing
in SE , this action is clearly Q-invariant.
A more nontrivial fact is that we can also write a Q-invariant action for the fermions
χz and χ. Abstractly, the presence of χz and χ in the half-linear model implies that we
are dealing with the over-determined case dimM < rank V discussed in Section 2.3. So
we must add some Q-invariant observable O involving χz and χ to the action if we wish
to compute something nontrivial in the half-linear model.
Physically, this Q-invariant observable O must introduce a kinetic term Dzχχz for
χz and χ. To find a Q-invariant extension of this kinetic term, we follow the philosophy
of Section 2.3 and attempt to solve δO = 0 perturbatively. We begin by noting that the
expression O(0),
O(0) = Dzχχz − ψizDiJ χz
=
(
∂z + ∂zφ
iAi
)
χχz − ψiz (∂i + Ai)J χz ,
(3.9)
is trivially invariant under the variations of χ and ψiz. That is, in analogy to the finite-
dimensional model, ιsO(0) = 0.
In the expression for O(0) above, we have introduced the canonical holomorphic con-
nection Ai on the line-bundle O(5) on Y . Because Ai depends on φi as well as φi, we have
that
δO(0) = ∂O(0) 6= 0 . (3.10)
Rather,
∂O(0) = Fii ψi ∂zφi χχz − Fii ψiψiz J χz , (3.11)
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where Fii is the curvature of Ai. However, introducing O(1),
O(1) = Fii ψiψiz χχz , (3.12)
we easily see that
∂O(0) + ιsO(1) = 0 . (3.13)
Because Ai is a holomorphic connection on O(5), the curvature satisfies ∂Fii = 0, so that
∂O(1) = 0. Consequently, O = O(0) +O(1) is Q-invariant (but not Q-trivial).
Thus, we can add kinetic terms for χz and χ to the action S by including
Sχ =
∫
Σ
d2zO =
∫
Σ
d2z
(
O(0) +O(1)
)
=
∫
Σ
d2z
(
Dzχχz − ψizDiJ χz + Fii ψiψiz χχz
)
.
(3.14)
Finally, we include in S the purely topological term which describes the action of the
world-sheet instanton itself,
Stop =
∫
Σ
Φ∗(ωC) , (3.15)
where ωC is the complexified Ka¨hler class of Y . This term simply reproduces the expo-
nential factor in (1.2), but we include it for completeness.
Thus, the action for the half-linear model is
S = S0 + SE + Sχ + Stop . (3.16)
3.3. A Half-Linear Residue Theorem
We now show in the half-linear model that world-sheet instanton contributions to the
superpotentialW vanish by a residue theorem precisely analogous to the finite-dimensional
residue theorem of Section 2.
Before we discuss a residue theorem for the half-linear model, though, we must first
demonstrate the general fact that the half-linear model on Y is equivalent to the usual
twisted non-linear sigma model on X . Only then does the residue theorem for the half-
linear model imply the vanishing of the instanton contributions to W in the non-linear
sigma model.
Relative to the non-linear model on X , the half-linear model on Y possesses addi-
tional world-sheet degrees of freedom described by the left-moving fermions χz, χ, and the
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complex boson and associated right-moving fermions describing fluctuations of the world-
sheet normal to X in Y . We will denote these normal fields simply by φ, φ, ψz, and ψ,
suppressing indices associated to the tangent bundle TY .
The additional world-sheet fields present in the half-linear model on Y relative to the
non-linear model on X are all massive due to the terms in the action involving J and J .
For instance, the normal bosons φ and φ gain a mass from the JJ term that appears in
the Q-trivial action S0,
t
∫
Σ
d2z δ
(
Jχ
)
= t
∫
Σ
d2z
(
JJ + ψiDiJ χ
)
. (3.17)
Similarly, the fermions ψz, ψ, χz, and χ all gain masses from the DJ term in (3.17) and
the conjugate term appearing in Sχ in (3.14).
The mass terms for φ, φ, ψz, ψ, χz, and χ thus appear in the half-linear action as∫
Σ
d2z
(
φDJDJ φ+ ψDJ χ− ψzDJ χz
)
, (3.18)
where DJ is the (holomorphic) normal derivative of J along X , and we have absorbed
the coupling t in (3.17) into J . Because we assume that X is a non-singular quintic
hypersurface, DJ is everywhere non-vanishing on X and consequently transforms in the
trivial line-bundle onX . Also, because J is holomorphic and vanishes on X , the ∂ operator
of X acts on DJ as ∂DJ = [∂,D]J = 0, so that DJ is holomorphic on X . As such, once
we choose a non-vanishing holomorphic section of the trivial bundle on X , a choice which
we must make in defining the fermionic measure of the path-integral, we can regard DJ
as merely a constant mass parameter for the normal modes.
As we have already remarked, since J only appears in the half-linear model through the
Q-trivial terms in (3.17), the half-linear model is invariant under deformations of J . Scaling
J by a large constant, the massive world-volume fields in (3.18) all acquire arbitrarily large
masses.10 As such, we can integrate out these massive world-sheet fields at one-loop with
arbitrary precision. From (3.18), we see that the one-loop contributions from the massive
modes of φ, φ, ψz, ψ, χz, and χ all cancel but for a finite, anomalous factor associated
to the index of the ∂ operator acting on the pull back of the normal bundle N to the
10 Looking back at (3.18), the DJDJ term is a mass for scalars of order
√
|J |. The ψDJ χ
term is part of a fermion mass matrix
(
0 DJ
DJ 0
)
where the upper right entry comes from the
ψDJχ term; it again leads to masses of order
√
|J |.
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world-sheet. This one-loop contribution can be absorbed into a renormalization of the
string coupling constant and the Ka¨hler class of X and is not relevant for the vanishing
argument. Finally, upon integrating out the massive fields, we set them to zero in the half-
linear action and in all observables, so that the half-linear model on Y clearly localizes to
the non-linear model on X .
For completeness, we give in this paragraph a brief description of the renormalization.
Massive modes with nonzero momentum cancel in the path integral, so the renormalization
comes from the constant modes. The constant modes contribute a factor
1
(DJDJ)n1
DJ
n2
DJn3 , (3.19)
where n1 formally denotes the number of modes of φ, n2 the number of modes of χ, and
n3 the number of modes of χz . Since φ and χ both transform in the pull back Φ
∗(N) of
the normal bundle N = O(5) to the world-sheet, n1 equals n2. However, χz transforms
in the bundle K ⊗ Φ∗(N∗), and thus the difference n1 − n3 is equal to the index of the ∂
operator on the world-sheet acting on the bundle Φ∗(N). If the world-sheet is a Riemann
surface Σ of genus g and Φ is a map of degree d into X , then the index theorem (or simply
the Riemann-Roch theorem) implies that n1−n3 = 5d+1− g. Thus, in this situation the
one-loop contribution of the massive modes is a factor (1/DJ)(5d+1−g). In the non-linear
model on X , this one-loop contribution can be written as
(
1
DJ
)(5d+1−g)
= exp
[
− 1
2π
∫
Σ
log (DJ)
(
5Φ∗(ω) +
1
2
R
)]
, (3.20)
where Φ∗(ω) is the pull back of the Ka¨hler class from X , which we assume is normalized
to satisfy
∫
Σ
Φ∗(ω) = 2πd, and R is the world-sheet curvature, which satisfies
∫
Σ
R =
4π(1−g). The expression in (3.20) manifestly represents the renormalization of the Ka¨hler
class of X and the string coupling constant upon integrating out the massive modes.
Having shown that the half-linear model on Y is equivalent to the non-linear sigma
model on X , we now establish a residue theorem for the half-linear model which implies
the vanishing of world-sheet instanton contributions to the superpotential W .
The half-linear model is a closer cousin to the usual world-sheet CFT description of the
heterotic string than to the dual D1-brane description which we explored in Section 2.4. As
such, in neither the world-sheet CFT nor the half-linear model can we computeW directly.
Rather, because of the presence of three left- and right-moving fermion zero-modes arising
from fluctuations tangent to the world-sheet, we must indirectly probe forW by computing
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a cubic correlator of vertex operators on the world-sheet. In the terminology of Section
2.3, the half-linear model describes the over-determined case rank V > dimM, due to the
presence of the fermions χz and χ in the model, but the section s = (∂zφ
i, J(φi), 0) still
vanishes over a locus on M of complex dimension three, due to the SL(2,C) action on
the world-sheet. So we must insert a suitable observable O, the cubic correlator of vertex
operators, to compute something non-trivial.
The easiest way to probe for W is to compute the correlator 〈RRR〉, where R is the
vertex operator for the (unique) Ka¨hler modulus of Y . Explicitly,
R = ωii∂zφ
iψi , (3.21)
where ωii is a harmonic representative of the Ka¨hler class of Y , implying that R is Q-
invariant. Since the half-linear model arises from a sigma model on Y (and only restricts
to X when J is large), we must consider operators such as R which are actually defined on
Y . Note as claimed that each of the three right-moving fermion zero-modes from SL(2,C)
can be soaked up with the fermion ψi that appears in R.
Of course, the Ka¨hler class of Y determines by restriction the Ka¨hler class of X and
thus the radius of the compactification. The only dependence ofW on this Ka¨hler modulus
is through the exponential factor exp
(− ∫
Σ
Φ∗(ω)
)
arising from the classical action of the
instanton itself. If we let R be the N = 1 chiral field in the low-energy effective theory
associated to the Ka¨hler modulus, then the correlator 〈RRR〉 computes the third derivative
∂3
R
W of W with respect to R. Thus, given the simple exponential dependence of W on
R, the vanishing of W is equivalent to the vanishing of the correlator 〈RRR〉.
In the case of the finite-dimensional model in Section 2, we deduced a residue theorem
by taking t = 0. Although we have already interpreted the half-linear model as being
formally analogous to the finite-dimensional model, unlike the case of the finite-dimensional
model, we cannot simply take t = 0 in the half-linear model to deduce that 〈RRR〉 vanishes.
Clearly with no exponential suppression of the fluctuating modes in the half-linear model,
the half-linear path-integral ceases to be defined.
However, in localizing the half-linear model on Y to the non-linear model on X , we
have already used the fact that the BRST -invariance of the half-linear model implies that
the model is formally independent of J as well as t. So rather than taking t = 0, we
consider taking J = 0 instead.
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When J = 0, the half-linear model no longer localizes on instantons contained in
X . Instead, after integrating out at weak coupling all fluctuating modes of the fields, the
half-linear model localizes onto the moduli space of instantons in Y .
If we restrict attention to a given instanton sector of degree d holomorphic maps Φ from
Σ = CP1 to Y , then the moduli space of these instantons has a natural compactification
to CP5d+4. Because of this compactness, the half-linear path-integral over each instanton
sector can be defined even when J = 0. Thus, the correlator 〈RRR〉 can be computed
either at large J , where it is proportional to W as computed in the non-linear model on
X , or it can be computed at J = 0, where we will easily see that it vanishes order by order
in d. Morally speaking, the vanishing of the instanton contribution to the superpotential
follows by applying the residue theorem of section 2 to the compact manifold CP5d+4.
Rather than invoking this theorem (which could lead one to worry about singularities in
CP5d+4), we will imitate its proof and just look at what happens at J = 0.
We now review in detail how CP5d+4 arises as a compactification of the moduli space
of degree d instantons in Y , following [5,33,34]. In fact, even though we focus here on
the case Y = CP4, the existence of such a compactification generalizes whenever Y is a
compact toric variety, as already applied in [33,34].
We first introduce homogeneous coordinates [Φ0 : · · · : Φ4] on Y and homogeneous
coordinates [U : V ] on Σ. In terms of the homogeneous coordinates, any degree d holo-
morphic map Φ : Σ → Y is specified by a set of homogeneous, degree d polynomials
{p0(U, V ), . . . , p4(U, V )},
Φ0 = p0(U, V ) = a00 U
d + a01 U
d−1V + · · ·+ a0d V d ,
...
Φ4 = p4(U, V ) = a40 U
d + a41 U
d−1V + · · ·+ a4d V d .
(3.22)
Each polynomial pi is determined by its d+ 1 coefficients (ai0, . . . , a
i
d), and the space
of polynomials {p0, . . . , p4} can be parametrized by these coefficients as C5(d+1). Since
the coordinates [Φ0 : · · · : Φ4] are merely homogeneous coordinates on Y , defined only up
to scaling, an overall scaling of {p0, . . . , p4} does not affect the map Φ. Subtracting from
C5(d+1) the point at the origin which does not describe an actual map into Y and then
taking the quotient by the overall scaling, we find the projective space CP5d+4.
The only subtlety in this example is that, as just observed, Φ0 = · · · = Φ4 = 0 does
not correspond to any point in Y , so that the moduli space of instantons of degree d on Y
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is actually the subset of the parameter space CP5d+4 for which the polynomials p0, . . . , p4
have no common zeroes on Σ. The polynomials which do have at least one common zero
appear as an algebraic locus of codimension four in CP5d+4, since we must tune one
complex parameter in any four of p0, . . . , p4 to reach this locus. Thus, the moduli space
of “true” instantons in Y is a complicated but nonetheless dense, open subset of CP5d+4.
In particular, CP5d+4 gives a natural compactification of the true moduli space.
We now consider evaluating the correlator 〈RRR〉 in the half-linear model with J = 0.
In this case, if we consider the contribution to the correlator from the topological sector of
degree d world-sheet maps, we must integrate over the moduli space of degree d instantons
in Y described globally above.
This integral over the instanton moduli space is actually a supersymmetric integral just
as in Section 2, since both the world-sheet bosons and fermions possess zero-modes when
J = 0. As our global discussion above implies, the bosons φi, φi, and their superpartners
ψi all have 5d+4 zero-modes. Of these 5d+4 zero-modes, three zero-modes arise from the
SL(2, C) action on CP1 and are immediately soaked up by the cubic correlator. The other
5d+1 zero-modes represent the non-trivial holomorphic deformations of degree d rational
curves in Y . The left-moving fermion χ also has 5d + 1 zero-modes, which arise from
holomorphic sections of the bundle Φ∗ (O(5)) = O(5d). Neither the right-moving fermions
ψiz nor the left-moving fermion χz have any zero-modes in the instanton background.
When J is non-vanishing, these 5d + 1 interesting modes of φi, φi, ψi, and χ enter
the half-linear model action through the Q-trivial terms involving J in (3.17) and through
the four-fermion interactions in (3.7) and (3.14). In the weak coupling limit t → ∞, the
four-fermion interactions are irrelevant, since they always involve the fermions ψiz which
have no zero-modes. So the only way to absorb the zero-modes of ψi and χ is through the
quadratic mass terms that arise from J .
In fact, if we consider integrating out all of the fluctuating modes at weak coupling,
to reduce the half-linear path-integral to a finite-dimensional supersymmetric integral over
these 5d+ 1 modes, then the Q-trivial terms involving J in (3.17) implicitly represent the
same finite-dimensional action (2.5) which we considered in Section 2. In this case, the
modes of ψi represent the fermionic coordinates θi, the modes of χ represent the bundle
fermions χα, and J implicitly determines a holomorphic section s of a rank 5d+ 1 bundle
over the moduli space of instantons in Y which vanishes precisely over those instantons
contained in X .
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Just as in Section 2, once we set J to zero, then the 5d+ 1 fermion zero-modes of ψi
and χ cannot be absorbed when computing the correlator 〈RRR〉. Hence, 〈RRR〉 vanishes
order by order for each sector of degree d maps. Finally, since our vanishing result follows
exactly as the residue theorem in Section 2, we naturally interpret it as a residue theorem
for instanton contributions to W .
3.4. Extension to the Linear Sigma Model
Just as in the finite-dimensional case, the argument for the vanishing of the instanton
contributions to W in the half-linear model relies only upon the right-moving world-sheet
supersymmetries and suitable compactness. These ingredients are also present in the (0, 2)
linear sigma models themselves, so we should also be able to give a similar, direct argument
for the vanishing of instanton contributions to W in these models. The reason for doing
so is that the linear sigma model version of the argument applies to a somewhat different
class of models – bundles constructed in a simple way from polynomials, but which do not
necessarily extend over Y = CP4.
We now present just such an argument. Although the gist of the vanishing argument
for the linear sigma model is exactly the same as for the half-linear model, we must
present the details of the argument in a slightly different way, since the specifics of the
linear model and the half-linear model are very different. Nonetheless, the fact that the
general argument does extend from the half-linear to the linear model, despite the obvious
differences between these world-sheet theories, indicates that this argument is robust.
As in the previous section, we once more focus on the case that X is a quintic hyper-
surface in Y = CP4. However, we now assume that the bundle E on X is a deformation
of the holomorphic tangent bundle TX , which corresponds in the linear sigma model to a
deformation away from the locus of theories with (2, 2) world-sheet supersymmetry. Since
neither TX nor E pulls back (in any obvious way) from any bundle on Y , the compactifi-
cations cannot necessarily be described by the half-linear model.
Background
We must recall a few facts about the (0, 2) linear sigma model which describes heterotic
compactification on X with gauge bundle E. Useful background can be found in [4], [5],
and [6]. We will be rather brief in our description of the linear sigma model, both because
this material is well-known and also because the vanishing argument which we present
does not rely on many details of the model.
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We first recall the field content11 for this model. On the (2, 2) locus itself, the linear
sigma model which describes a quintic X in CP4 is a two-dimensional U(1) gauge theory
with five chiral superfields Si, i = 1, . . . , 5, of charge +1 and one chiral superfield P of
charge −5.
Once this model is deformed away from the (2, 2) locus, the (2, 2) gauge multiplet
decomposes into a (0, 2) gauge multiplet and a neutral (0, 2) chiral multiplet. Similarly,
each (2, 2) chiral multiplet decomposes into a (0, 2) chiral multiplet and a (0, 2) Fermi
multiplet. We denote again by Si and P the corresponding (0, 2) chiral superfields, with
components (si, ψi+) and (p, ψ
0
+), and by Ψ
i
− and Ψ
0 the associated Fermi superfields, with
components ψi− and ψ
0
−.
The action of the (0, 2) model contains many interactions, but the only interactions
relevant to our vanishing argument arise from the (0, 2) superpotential. Recall that these
interactions can be written as integrals over half of (0, 2) superspace, in the form
SJ =
1√
2
∫
Σ
dθ+
(
Ψi−Ji +Ψ
0
−J0
)
+ h.c. (3.23)
In general, Ji and J0 are holomorphic functions of the chiral fields S
i and P . More
specifically, Ji and J0 take the form
Ji = P
( ∂F
∂Si
+ Fi
)
, i = 1, . . . , 5 ,
J0 = F ,
(3.24)
where F = F (Si) is a quintic polynomial in the Si which determines X as a hypersurface
in Y , and the Fi are quartic polynomials in the S
i that are assumed to satisfy SiFi = 0
and which determine E as a deformation of TX .
In terms of the component fields, the (0, 2) superpotential (3.23) leads to a bosonic
potential U ,
U =
5∑
i=0
|Ji|2 , (3.25)
and Yukawa interactions of the form
ψi−ψ
j
+
∂Ji
∂Sj
+ ψi−ψ
0
+
∂Ji
∂P
+ h.c. (3.26)
11 We ignore the decoupled current algebra degrees of freedom which represent the unbroken
space-time gauge group.
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The superpotential (3.23) also preserves a right-moving U(1) R-symmetry, under
which the lowest components of Si and Ψi− carry charge +
1
5 , and the lowest components
of P and Ψ0− are neutral.
The vanishing theorem
The first step in our vanishing argument is to twist the (0, 2) linear sigma model so that
the supersymmetry generator usually denoted Q+ becomes a scalar, exactly as described
in [4]. Under this twisting, the world-sheet spin of each field is shifted by −12JR + 110Q,
where JR is the R-symmetry generator and Q is the gauge-symmetry generator. Since the
gauge current corresponding to Q is of the form {Q+, . . .}, the fact that 110Q appears in
the twist is irrelevant and is merely for convenience, so that upon twisting all fields have
integral or half-integral world-sheet spins.
Upon twisting the model, the spins of the bosons si are unaffected, but the boson
p now has spin −1
2
and transforms as a section of K
1
2 ⊗ L−5 on Σ = CP1. Here K is
the canonical bundle on Σ as earlier, and L = O(d) is the line-bundle on Σ associated
to a degree d instanton configuration in the gauge field. Also, just as in the half-twisted
model, the fermions ψi+ and ψ
i
+, for i = 1, . . . , 5, now have spins +1 and 0 and transform
as sections of K ⊗ L and L. Finally, the left-moving fermions ψi− and ψi− are unaffected
by the twisting and transform as sections of K
1
2 ⊗ L and K 12 ⊗ L.
To proceed with the argument, we must compute the linear sigma model correlator
analogous to 〈RRR〉 in the half-linear model. As explained in [4], the linear sigma model
representative of the vertex operator R describing deformations of the Ka¨hler class of Y
(hence also X) is λ−, the left-moving gaugino. This fact can be motivated by observing
that, since the Ka¨hler class of Y is represented in the linear model by a Fayet-Iliopolous
D-term, the linear sigma model representative for R must come from the (0, 2) gauge
multiplet. The supersymmetry and R-symmetry then determine this representative to be
λ−. So we must compute the instanton contributions to 〈λ−λ−λ−〉 in the linear sigma
model.
As in the half-linear model, the twisted linear model is formally invariant under defor-
mations of J i, i = 0, . . . , 5, so we consider taking J i = 0. At first glance, one might worry
that this deformation would be singular in the linear model, since at least in the untwisted
theory, the boson p has an unbounded zero-mode which only receives a mass from the
potential term U in (3.25). However, because p has spin −12 in the twisted theory, this
dangerous zero-mode is not present. This observation was also central to the vanishing
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argument of [4], so we certainly expect it to play a role in our argument as well. Thus, we
can compute 〈λ−λ−λ−〉 in the theory with J i = 0, provided we perform the twist.
In the half-linear model, once we performed the analogous deformation by taking
J = 0, we easily saw that the correlator 〈RRR〉 vanished due to the presence of excess
fermion zero-modes which could no longer be absorbed through world-sheet interactions.
We will now argue that the correlator 〈λ−λ−λ−〉 vanishes when J i = 0 in the linear sigma
model, again due to excess fermion zero-modes.
The relevant zero-modes arise from the fermions ψi+ and ψ
i
−, for i = 1, . . . , 5. In the
background of a degree d instanton, each fermion ψi+ has d+1 zero-modes, and each fermion
ψi− has d zero-modes (and the conjugate partners of these fermions have no zero-modes).
To show that these fermion zero-modes cannot be absorbed in computing the correla-
tor 〈λ−λ−λ−〉 with J i = 0, we first make a few general remarks about the computation of
〈λ−λ−λ−〉 even when the J i are not assumed to vanish. First, since all kinetic terms in the
linear model are Q+-trivial, we can by a field rescaling assume that the couplings appear-
ing in Ji and J i are arbitrarily small. Hence we can compute 〈λ−λ−λ−〉 perturbatively in
Ji and J i.
As a special case of our vanishing result, we now observe that 〈λ−λ−λ−〉 trivially
vanishes when Ji = J i = 0. In this case, the model with no superpotential describes,
instead of X , the total space of the line-bundle O(−5) over CP4. As such, the model
possesses a classical global symmetry which rotates the fiber of this space leaving fixed the
base. Under this symmetry, the superfields Si and Ψi−, for i = 1, . . . , 5, transform with
charge +1 while all other fields are uncharged. In particular, the gaugino λ− is uncharged,
which distinguishes this global symmetry from the R-symmetry.
The fermion zero-modes we discussed above are relevant precisely because they cause
this classical symmetry to be anomalous. Due to these zero-modes, regardless of the degree
d, the path-integral measure transforms with net charge +5 under this symmetry. This
anomaly immediately implies that 〈λ−λ−λ−〉 vanishes in the theory with no superpoten-
tial. For instance, computing 〈λ−λ−λ−〉 perturbatively at weak coupling, all interactions
respect the classical symmetry and so there is no way to absorb the fermion zero-modes
by pulling down fermion interaction terms from the action. This fact is why the detailed
structure of the linear model is largely irrelevant for our argument.
We now consider the general case that Ji and J i are non-zero. Since the superpotential
breaks the classical symmetry we used above, the fermion Yukawa terms involving Ji and
J i in (3.26) are candidates to soak up the zero-modes of ψ
i
+ and ψ
i
− above. However,
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whatever interaction terms we bring down from the action to soak up the fermion zero-
modes, the anomaly implies that these terms must carry net charge −5 to cancel the charge
of the measure. We now observe from (3.26) that the interactions involving Ji all carry
charge +5 and those involving J i carry charge −5.
Thus, when J i vanishes, the zero-modes of the fermions ψ
i
+ and ψ
i
− cannot be ab-
sorbed, since perturbation theory in the Ji can only bring down interactions of positive
charge. This observation merely reflects the fact that the twisted fermions ψi+, which give
rise to the anomaly, appear in the Yukawa couplings involving J i, not Ji, in (3.26). Thus
〈λ−λ−λ−〉 vanishes in an arbitrary degree d instanton background, and instantons in the
linear sigma model do not contribute to the space-time superpotential.
Of course, when J i is non-zero, the linear model sums over individual instantons in
X , and the contribution of each instanton should generically be non-zero. Our argument
is consistent with this fact, since insertions of the Yukawa couplings involving both Ji and
J i can carry the proper charge to absorb the zero-modes.
This vanishing argument is at its heart very similar to the vanishing argument of [4]
that we reviewed in the Introduction. A key fact there is thatW transforms as a section of
a line-bundle of strictly negative curvature on the moduli space of the low-energy effective
theory. Now in the context of the present argument, the complex coefficients which define
the quintic polynomial F and the quartic polynomials Fi, and thus appear as couplings
in the Ji, can be considered as projective coordinates on the moduli space of complex
structures of X and E.
Our perturbative argument above can be rephrased as a selection rule for the depen-
dence of the correlator 〈λ−λ−λ−〉 on these coefficients. This selection rule follows from
formally assigning the complex coefficients appearing in F and Fi charge −5 under the
anomalous symmetry, so that formally the Ji are uncharged. The anomaly implies that
the correlator 〈λ−λ−λ−〉, as a function of these coefficients, transforms homogeneously
with charge +5. As a result, the selection rule implies that 〈λ−λ−λ−〉 (and hence W )
must transform as a section of a line-bundle of strictly negative curvature over the com-
plex structure moduli space which these coefficients parametrize. In this language, our
vanishing theorem follows simply because, when J i vanishes, a perturbative calculation of
〈λ−λ−λ−〉 in terms of the Ji can only produce a polynomial in the complex coefficients,
which has negative charge under the anomalous symmetry and does not have the required
pole on the complex structure moduli space.
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4. Families of Membrane Instantons
The vanishing result which we derived for world-sheet instanton contributions to the
superpotential is a manifestation of the rigidity inherent in holomorphic objects. As an
interesting contrast to this result, we now consider how M-theory membranes which wrap
a continuous family of supersymmetric three-cycles in a manifold X of G2 holonomy con-
tribute to the superpotential. The approach which we take here is very similar to our
discussion of D1-brane contributions to the superpotential at the end of Section 2. We
note that the superpotential contribution from an isolated membrane in X has already
been thoroughly discussed in [15].
Just as in the case of a D1-brane which wraps a holomorphic curve, the worldvolume
theory on a membrane which wraps a supersymmetric three-cycle onX is naturally twisted.
Unlike the case of the D1-brane though, in the case of a supersymmetric membrane, the
sector of the worldvolume theory describing fluctuations in X is topological, as opposed to
holomorphic, in character. This fact could hardly be otherwise, since X is not a complex
manifold, but it represents a key distinction between D1-brane and membrane instantons.
Thus, if C represents a continuous family of supersymmetric membrane configurations
within the space M of all membrane configurations in X , then the contribution to the
superpotential from the family C only depends upon topological data associated to C. Our
main result here is to show that the contribution of the family C to the superpotential is
proportional to the Euler character χ(C) of C.
Our analysis ignores singularities. We suspect that it remain valid even if some of
the membrane instantons parametrized by C are singular, as long as C itself is smooth. A
simple example in which this is the case is that X is a T 3-fibered G2 manifold, in which
case C is a K3 surface, of Euler character 24.
The membrane worldvolume theory
Just as in the Introduction, the most elegant way to determine the superpotential
contribution from a membrane instanton (or a family of such instantons) is to compute
the partition function of the membrane worldvolume theory. The structure of this theory
is largely determined by supersymmetry. More specifically, it is determined by the re-
quirement that only supersymmetric membrane configurations contribute to the partition
function. So we begin by recalling a few facts about supersymmetric three-cycles in X .
To describe which three-cycles in X are supersymmetric, we first recall that X , as a
manifold of G2 holonomy, possesses a canonical, covariantly constant three-form φ. Then,
40
as emphasized generally in [35], the supersymmetric three-cycles are those which are cali-
brated by φ and hence are of minimal volume within each homology class. That is, if Σ is
a supersymmetric three-cycle, then the calibration condition states that on Σ,
φ|Σ = vol|Σ , (4.1)
where vol = 17φ∧⋆φ is the volume form associated to the metric on X .
Just as for supersymmetric D1-brane configurations, the supersymmetric membrane
configurations in X can be characterized as the critical points of a superpotential Ψ on
M. Ψ is defined in a manner precisely analogous to the superpotential for D1-brane
configurations in a Calabi-Yau threefold. Thus, we define Ψ(Σ) for any three-cycle Σ by
Ψ(Σ)−Ψ(Σ0) = 1
12
∫
B
⋆φ . (4.2)
Here ⋆φ is the four-form on X dual to φ, Σ0 is a fixed representative in the homology class
of Σ, and B is a four-cycle bounding Σ−Σ0. Again, Ψ(Σ) is defined only up to an additive
constant, depending on the choices of Σ0 and B.
But again, the fact that Ψ is only defined up to an additive constant does not concern
us, as this constant does not affect the location of the critical points, for which δΨ = 0.
In terms of local coordinates xi, i = 1, . . . , 7, on X ,
δΨ(Σ) =
1
3
∫
Σ
⋆φijkl δx
i dxj∧dxk∧dxl . (4.3)
Thus, δΨ(Σ) = 0 when ⋆φijkl dx
j∧dxk∧dxl = 0 on Σ. As observed in [36], this condition
is equivalent to the condition (4.1) that Σ be calibrated by φ. So the critical points of Ψ
correspond to supersymmetric three-cycles in X .
Thus, δΨ is a one-form on the space M of arbitrary membrane configurations in X
which vanishes precisely over the supersymmetric configurations. So in this sense, δΨ plays
much the same role as the section s we introduced in Section 2, and we expect the action
of the worldvolume theory on a supersymmetric membrane to be expressed in terms of δΨ,
much as the action (2.5) is expressed in terms of s.
Unlike s, though, δΨ is not holomorphic, and the space M of membrane configu-
rations is not even complex, even on-shell. As a result, the supersymmetry algebra on
the membrane worldvolume takes a form slightly different from the supersymmetry (2.1)
considered in Section 2.
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We focus on the sector of the worldvolume theory which describes fluctuations of the
membrane in X . As explicitly demonstrated in [15], this sector is automatically twisted
when the membrane wraps a supersymmetric cycle Σ. Normal fluctuations of the mem-
brane in X are described on the worldvolume by four real bosons yi, i = 1, . . . , 4, taking
values in the (real) normal bundle N of Σ in X . Associated to these four bosons are four
fermions ψiα˙ also taking values in N and transforming as right-moving Weyl fermions in
R4, as indicated by the α˙ index.
The worldvolume theory on the supersymmetric membrane then possesses two scalar
supercharges Qα˙. The action of these supercharges on the worldvolume fields can be neatly
summarized by introducing (0|2) superfields Y i, where
Y i = yi + θα˙ψiα˙ +
1
2
ǫα˙β˙θ
α˙θβ˙F i . (4.4)
In defining the superfield Y i, we have introduced an auxiliary boson F i taking values in N .
Even though the membrane worldvolume is three-dimensional, the appropriate superspace
is only the (0|2) superspace because, just as for the D1-brane, we regard the bosonic fields
yi as being an infinite set of tangential coordinates to the membrane configuration space
M at the point corresponding to a given supersymmetric membrane configuration.
In the (0|2) superspace, the action of the supercharges Qα˙ is exceedingly simple.
Namely, the supercharges Qα˙ act as the fermionic derivatives ∂α˙, corresponding to the
component transformations
δα˙y
i = ψiα˙ , δα˙ψ
i
β˙
= ǫα˙β˙F
i , δα˙F
i = 0 . (4.5)
We note that {Qα˙, Qβ˙} trivially vanishes.
The supersymmetry algebra, along with the requirement that the membrane parti-
tion function localize on configurations for which δΨ = 0, determines the form of the
worldvolume action on a supersymmetric membrane. As for the D1-brane, this action is
really the leading order action for fluctuations around a supersymmetric configuration —
but given the topological nature of the membrane worldvolume theory, the leading order
action certainly suffices to determine the partition function.
When written in terms of the (0|2) superspace, the membrane worldvolume action
thus appears as
S =
∫
Σ
d2θ φ
(
1
2
gij(Y ) ǫ
α˙β˙∂β˙Y
i∂α˙Y
j +Ψ(Y )
)
=
∫
Σ
φ
(
1
2
gij
δΨ
δyi
δΨ
δyj
+ 2
D2Ψ
DyiDyj
(ψiψj) +Rikjl(ψ
iψj)(ψkψl)
)
.
(4.6)
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In this expression, gij is the metric on X , Rikjl is the curvature, and the canonical three-
form φ appears simply to represent the volume-form on the supersymmetric three-cycle
Σ. We also note from (4.3) that δΨ/δyi is actually a three-form on Σ, and so we have
implicitly used the induced metric to dualize δΨ/δyi to a scalar above. Finally, we have
used the shorthand (ψiψj) to indicate the SU(2) singlet combination 1
2
ǫα˙β˙ψi
β˙
ψjα˙, and in
passing to the second line of (4.6) we integrated out the auxiliary bosons F i.
The membrane worldvolume action (4.6) has a very familiar look. Formally, we can
interpret this action as the reduction to 0 + 0 dimensions of the standard supersymmetric
quantum mechanics [37] on the membrane configuration space M, with Morse function
Ψ. As is well known, the partition function of supersymmetric quantum mechanics on a
finite-dimensional Riemannian manifold M computes the Euler class χ(M) of M . Thus,
our claim that the membrane partition function is proportional to the Euler class χ(C) of
the family C follows almost immediately now, though we still discuss this result in detail
below.
We can also compare the form of the membrane worldvolume theory to the form of the
D1-brane worldvolume theory (or more generally to the holomorphic models we considered
in Section 2). Upon integrating out the auxiliary bosons F i, the supersymmetries on the
membrane worldvolume act as
δα˙ y
i = ψiα˙ ,
δα˙ ψ
i
β˙
= −Γijkψjα˙ψkβ˙ +
1
2
ǫα˙β˙g
ij δΨ
δyj
.
(4.7)
In the above, Γijk is the usual torsion-free affine connection associated to the metric gij
on X ; this connection must appear so that the fermions ψiα˙ transform covariantly under
reparametrizations of the yi. Comparing the supersymmetries (4.7) and action (4.6) of
the membrane worldvolume theory to the general supersymmetry (2.1) and action (2.5)
from Section 2, we see that the membrane worldvolume theory is just a real, N = 2
version of the holomorphic models relevant for world-sheet instantons which we considered
earlier. Clearly the one-form δΨ on M plays exactly the same role as the holomorphic
section s on the complex manifold M , and from (4.6) we see that at weak coupling the
membrane partition function localizes on the zeroes of δΨ. We also note that the N =
2 supersymmetry present in the membrane worldvolume theory determines a canonical
choice for the measure of the membrane partition function, as all bosons are paired by
supersymmetry with all fermions in (4.5). So there is no analogue here of the section g
which was necessary to define a measure for the holomorphic models.
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The membrane partition function
Our simple description of the membrane worldvolume theory allows us to easily eval-
uate the membrane partition function, even in the degenerate case that the membranes
wrap a continuous family of supersymmetric three-cycles in X .
We first observe that, because Qα˙ = ∂α˙, the worldvolume action (4.6) is evidently Qα˙-
trivial. As a result, the membrane partition function Z is clearly topological in character.
In particular, Z is unchanged if we multiply φ → t φ, so that taking t to be large we
can evaluate Z at weak coupling. Furthermore, Z is unchanged under deformations of
the metric gjk and even the one-form δΨ. This latter observation is in clear contrast to
the holomorphic models in Section 2, which were unchanged under deformations of s but
certainly depended upon s.
Thus, we suppose that X contains a continuous family of supersymmetric three-cycles.
Then the vanishing locus of δΨ on M contains a component C of positive dimension
representing this continuous family. To evaluate Z for membranes which wrap three-cycles
in C, we simply make a generic deformation of δΨ, which is small in the sense that δΨ still
grows sufficiently fast away from C so that Z is defined. Under such a deformation, we lift
the degeneracy of δΨ, which now has a finite set of isolated zeroes on C.
At weak coupling, we can directly evaluate the contribution to Z from each non-
degenerate zero of δΨ as a one-loop integral over the fluctuating bosons and fermions.
Generally speaking, if P is such a zero, then the contribution to Z from P takes the form
ZP = Z(N ) · Z(C)P , (4.8)
where Z(N ) represents the one-loop integral over modes normal to C, and Z(C)P represents
the one-loop integral over the finite number of modes tangent to C at P . Because of the
topological invariance of Z, the factor Z(N ) in (4.8) does not depend on P , so that
Z = Z(N ) ·
∑
P
Z(C)P . (4.9)
Clearly the second factor in (4.9) captures the interesting dependence of the superpo-
tential on C. In the Gaussian approximation, we can express the contribution Z(C)P from
each point P as
Z(C)P = detC (∂i∂jΨ) (P )∣∣∣ detC (∂i∂jΨ) (P )∣∣∣ = ±1 , (4.10)
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where the subscript C indicates that the determinants are only evaluated over the modes
tangent to C. Geometrically, we recognize the expression (4.10) as the index of the vector
field ∇Ψ (projected onto TC) at the point P , where it vanishes. Thus,
∑
P
Z(C)P = χ(C) , (4.11)
and Z is proportional to the Euler character χ(C) of C as claimed. We could also derive
this result, without explicitly deforming δΨ to lift its degeneracy, by using the four-fermion
interaction in (4.6) to absorb the fermion zero-modes tangent to C, producing the Chern-
Weil representation of the Euler character.
Finally, we remark that the factor Z(N ), studied in [15] for the case of an isolated
membrane instanton, is simply the formal generalization of (4.10) from the phase of a
determinant on the tangential directions of C to the normal directions. Z(N ) can thus be
expressed as the sign of the Dirac operator acting on the membrane worldvolume spinors
multiplied by a factor coming from the C-field.
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